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Causality Analysis of fMRI Data Based on the
Directed Information Theory Framework

Zhe Wang, Ahmed Alahmadi, David C. Zhu, and Tongtong Li∗

Abstract—This paper aims to conduct fMRI-based causality
analysis in brain connectivity by exploiting the directed infor-
mation (DI) theory framework. Unlike the well-known Granger
causality (GC) analysis, which relies on the linear prediction tech-
nique, the DI theory framework does not have any modeling con-
straints on the sequences to be evaluated and ensures estimation
convergence. Moreover, it can be used to generate the GC graphs.
In this paper, first, we introduce the core concepts in the DI frame-
work. Second, we present how to conduct causality analysis using
DI measures between two time series. We provide the detailed pro-
cedure on how to calculate the DI for two finite-time series. The
two major steps involved here are optimal bin size selection for
data digitization and probability estimation. Finally, we demon-
strate the applicability of DI-based causality analysis using both
the simulated data and experimental fMRI data, and compare the
results with that of the GC analysis. Our analysis indicates that
GC analysis is effective in detecting linear or nearly linear causal
relationship, but may have difficulty in capturing nonlinear causal
relationships. On the other hand, DI-based causality analysis is
more effective in capturing both linear and nonlinear causal rela-
tionships. Moreover, it is observed that brain connectivity among
different regions generally involves dynamic two-way information
transmissions between them. Our results show that when bidirec-
tional information flow is present, DI is more effective than GC to
quantify the overall causal relationship.

Index Terms—Causal analysis, directed information (DI), fMRI,
Granger causality (GC).

I. INTRODUCTION

CAUSALITY analysis provides important information on
how brain regions interact with each other to accomplish

a cognitive task [1]. In general, causality analysis tries to de-
termine whether the values of one time series X is useful in
predicting the future values of another time series Y . Here, we
will first briefly revisit the work on causality analysis in liter-
atures, including Granger causality (GC), Bayesian network,
dynamic causal modeling (DCM), and transfer entropy (TE).
Then, we will introduce the directed information (DI) frame-
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work, explain why we adopt it, and how to apply it for causality
analysis.

A. Some Representative Techniques on Causality Analysis

1) GC: The first practical causal analysis framework was
proposed by Granger in 1969 [2]. The fundamental idea is, if
two signals X and Y form a causal relationship, then instead of
using the past value of Y alone, the information contained in the
past values (or lagged values) of X will help to predict Y . More
specifically, the calculation of GC is based on the autoregressive
or linear prediction models. Suppose Xn = [X1 ,X2 , . . . , Xn ]
and Yn = [Y1 , Y2 , . . . , Yn ] are two time series. The most com-
monly used method in GC analysis is to compare the following
two prediction errors ei and ẽi :

Yi =
L∑

j=1

ajYi−j + ei (1)

Yi =
L∑

j=1

[bjYi−j + cjXi−j ] + ẽi . (2)

Here, ei is the error of prediction Yi based only on the previous
value of Y , (Yi−1 , . . . Yi−L ), and ẽi is the error of predicting
Yi based on both the previous values of Y , (Yi−1 , . . . Yi−L ),
and the previous values of X , (Xi−1 , . . . Xi−L ). In practical
analysis, GC can be tested using a nested model comparison
based on the F statistics [3]. If ẽi is much smaller than ei , that
is, the introduction of the previous value of X can improve
the prediction accuracy, then we say there is a Granger causal
relationship between X and Y .

Since 1990s, there have been growing interests in the use of
GC analysis to identify causal interactions in neuroscience [4].
An early exploitation of GC in neuroscience was carried out by
Bernasconi et al. in electrophysiological data [5]. Their paper
verified the applicability of GC for electrophysiological data,
particularly EEG measurements. Goebel et al. presented an ap-
plication of GC on the fMRI data [6], [7]. They applied the
GC approach to a dynamic sensorimotor mapping paradigm.
Bressler et al. applied GC analysis to examine the blood oxygen
level-dependent (BOLD) time series corresponding to the top–
down control signals from the frontal and parietal cortex [8]. Hu
et al. applied GC analyses on fMRI data to evaluate the causal
relationship among specific brain regions, so as to understand
the impact of amnesic mild cognitive impairment (aMCI) on
brain connectivity [9]. Wen et al. carried out simulations on
neural signals to examine GC in both neural level (neural GC)
and fMRI level (fMRI GC) [10], [11].
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David et al. applied GC (together with DCM) in a combi-
nation of fMRI and EEG data [12]. Their experiments showed
that as the hemodynamics (i.e., the blood flow or the circula-
tion) vary from region to region, GC may not be applied directly
on the fMRI signals. However, when the hemodynamic effects
were explicitly removed, GC test can perform effective causality
analysis in linear relationships.

As a well-known technique, the validity and computational
simplicity of GC have been widely recognized. However, it has
also been noticed that GC relies heavily on the linear prediction
method. When there exist instantaneous and/or strong nonlinear
interactions between two regions, GC analysis may lead to in-
valid results [12]. To address this problem, several approaches
on nonlinear GC have been proposed in the literature. For ex-
ample, in [13], Bezruchko et al. proposed an autoregression
model constructed in the form of a polynomial. More recently,
Marinazzo et al. proposed a method to generalize GC to include
the nonlinear case using the kernel technique [14]. The copula
approach has been applied for GC assessment in [15] and [16].
A comprehensive discussion on nonlinear GC could be found
in [17].

2) Bayesian Network: In [18], J. Pearl summarized the
framework of Bayesian network for causal inference. The ar-
gument behind it is that: if a causal relationship exists between
two factors X and Y , the introduction of factor X may change
the distribution of another factor Y . That is, P (Y |X) �= P (Y ).

Since 2000, the analyses based on Bayesian networks
have demonstrated successful applications [19], [20]. Luessi
et al. [20] modified the Bayesian network and applied it to
fMRI data by incorporating the vector autoregressive model
used in GC. Their result was in consistent with that of the GC
analysis. From a general perspective, the vector-autoregressive-
model-based Bayesian Network framework can be regarded as
a variation of the GC analysis.

3) DCM: In 2003, Friston proposed the framework of DCM
to describe the general interactions among a group of brain re-
gions [21]. DCM assumes that the invisible neurostate x, the
(external) input u, the parameter θ that characterizes the con-
nection between two brain regions, and the independent noise
ω form a complex dynamic system that could be described by
the following equations:

ẋ = f(x, u, θ) and y = L(θ, h(x)) + ω (3)

where h(x) represents a cascade of differential equations that
connect the neurostate to changes in blood volume and deoxyhe-
moglobin content, and L represents a nonlinear output function
that relates θ and h(x) to the observed BOLD signal y [22].

With the help of EM algorithm, DCM has been attempted on
both fMRI and EEG data [22]. Some concerns with this frame-
work are [23]: 1) as the observation model in DCM is nonlinear,
estimating the latent variable that describes the neuronal activity
could be quite difficult and 2) DCM is a confirmatory approach,
for which the users have to start with different connectivity de-
scribing models, then rank them based on an approximation of
the model evidences.

4) TE: Another widely applied causal measurement in neu-
roscience is TE. TE was introduced in 2000 by Schreiber [24]. It
measures the decrease of entropy in one signal Y after another

signal X has been observed.

TX→Y
�
= H (Yt | Yt−1:t−L ) − H (Yt | Yt−1:t−L ,Xt−1:t−L )

(4)

in which H denotes the entropy operator, Yt−1:t−L =
[Yt−L , . . . , Yt−1 ] , and Xt−1:t−L = [Xt−L , . . . ,Xt−1 ].

Similar to GC, TE measures how much additional information
the past values of process X contains about the future obser-
vations of Y , given that we already knew the past values of Y .
The quantity measured by TE is the amount of predictive infor-
mation rather than the size of causal effect or coupling strength.
In [25], it was pointed out that TE can differentiate between
interactions in the process of information storage and those in
the process of information transfer.

The first exploration of applying TE in causality description
was conducted by Sporns et al. on the sensorimotor network
in 2006 [26]. Vicente et al. [27] applied TE in the magnetoen-
cephalography (MEG) data and showed that TE was an ef-
fective metric for nonlinear connectivity, especially for sensor-
level MEG signals. Lizier et al. [28] developed a framework
that combined multivariate mutual information (MI) and TE to-
gether. They used TE to analyze fMRI time series to detect the
directed flow of information between brain regions involved in
a visuomotor tracking task.

As an information theoretic framework, a major advantage of
TE is that it does not does not rely on any model assumptions of
the signals. However, current algorithms on TE estimation have
not been proved to be convergent [29]. Also, in [24] and[25],
it was shown that the amplitude of TE could not accurately
quantify the strength of influence between brain regions.

B. Proposed Approach: DI-Based Causality Analysis

In the aforementioned discussions, we revisited some rep-
resentative methods on causality analysis. These methods are
either limited to an existing model on the time series under
investigation, or cannot guarantee convergence or validity in
practical estimation. In an effort to overcome these weaknesses,
we propose to adopt the DI theory framework.

1) DI: Given two random sequences Xn and Yn , the DI
from Xn to Yn is defined as a sum of some conditional MI

I(Xn → Yn )
�
=

n∑

i=1

I(Xi ;Yi |Yi−1) (5)

where Xi = [X1 ,X2 , . . . , Xi ], Yi = [Y1 , Y2 , . . . , Yi ]. First in-
troduced by Massey to study communication channel with feed-
back [30], DI has been proved to be an effective tool for network
analysis in communications [31] and neuroscience [32], [33]. As
an information theoretical metric, DI shares some similarities
with TE. Both of them do not rely on any model assumptions of
the signals. Moreover, it was pointed in [25] and [34] that: As
time goes to infinity, DI may approximate the rate of TE.

The DI framework is adopted here for the following reasons.
1) It is a universal method. Unlike GC, which mainly relies on
the linear prediction theory, or linear modeling for the involved
parameters, the DI-based causality analysis does not have any
modeling constraint on the sequences to be evaluated, hence,
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can be used to characterize more general relationships. 2) It is
well defined with specific physical meaning. Recall that the am-
plitude of TE cannot reflect the strength of dependence between
brain regions, the amplitude of DI reflects the information flow
from Xn → Yn , hence has a clear physical meaning. 3) It has
been shown in [34] that the GC graphs could be obtained using
the DI framework. As can be seen, the DI theory provides an
adequate framework for the connectivity inference problems in
neuroscience applications.

In the literature, there has been a limited number of references
on applications of DI in neuroscience [29], [35]. Quinn et al.
applied DI in studying neuron spike recording by introducing a
Markov Process model for the signal. Liu et al. applied DI to the
EEG data and compared the result with that of GC. Their con-
clusion was that the DI-based approach could be superior to GC
in capturing the instantaneous and nonlinear causal relationship
from EEG data.

2) Paper Overview: In this paper, first, we introduce the
core concepts in the DI framework. Second, we present how
to conduct causality analysis using direct information measures
between two time series. We provided the detailed procedure
on how to calculate the DI for two finite time series. The two
major steps involved here are optimal bin size selection for
data digitization, and probability estimation. Finally, we demon-
strate the effectiveness of DI-based causality analysis using both
the simulated data and experimental fMRI data, and compare the
results with that of the GC analysis. For practical evaluation, we
collected both stimulation fMRI data with a well-defined block-
design scene-object fMRI paradigm [36], [37] and resting-state
fMRI (rs-fMRI) data. Our analysis indicates that GC analysis is
effective in detecting linear or nearly linear causal relationship,
but has difficulty in capturing nonlinear causal relationships. On
the other hand, DI-based causality analysis can be used to cap-
ture both linear and nonlinear causal relationships. Moreover,
it is observed that brain connectivity among different regions
generally involves dynamic two-way information transmissions
between them. Our results show that when bidirectional infor-
mation flow is involved, DI is a more effective than GC to
quantify the overall causal relationship.

II. METHODS

Let uppercase letters (X ,Y ,...) denote random variables, and
lowercase letters (x,y,...) the possible values they can acquire.
For n ∈ N , define Xn = [X1 ,X2 , . . . Xn ], where Xi is the
ith sample. Each Xi is a random variable taken from the
same finite alphabet Ω, with cardinality |Ω|. For any xi ∈ Ω,
P (xi) = Prob{Xi = xi} denotes the probability for Xi to take
the value xi ; and PXi |X i−1 (xi |xi−1) = Prob{Xi = xi |xi−1 =
[x1 , x2 , . . . Xi−1 ]} the conditional probability that the current
sample Xi is xi , given that the previously observed sequence
is xi−1 = [x1 , x2 , . . . , xi−1 ]. Without extra explanation, the log
function log(∗) denotes the base 2 logarithm.

A. Core Concepts in the DI Framework

1) Entropy: A fundamental concept in information theory
is entropy, which is a measure of uncertainty. For a random

variable X , the entropy of X is defined as

H(X) = −
∑

xi ∈Ω

P (xi)logP (xi). (6)

The entropy of a random variable X represents the minimum
average number of bits needed for loseless encoding of each
symbol of X .

For a random sequence Xn , the entropy could be calculated
according to the chain rule

H(Xn ) = H(X1) + H(X2 |X1) + · · · + H(Xn |Xn−1)

(7)

=
n∑

i=1

H(Xi |Xi−1). (8)

2) MI: MI measures the decrease of uncertainty of one ran-
dom variable after observing another one. The definition of MI
between two random variables X and Y is

I(X;Y ) = H(Y ) − H(Y |X) (9)

=
∑

x,y

P (x, y)log
P (x, y)

P (x)P (y)
(10)

where H(Y ) is the total uncertainty (or information) in Y , and
H(Y |X) is the uncertainty (or information) left in Y after X is
observed. It is clear that MI is a symmetric measurement: for two
random variables X and Y , I(X;Y ) = I(Y ;X). MI measures
the dependence between two random variables. If X = Y , then
H(Y |X) = 0, and I(X;Y ) = H(X) = H(Y ). If X and Y are
independent, then I(X;Y ) = 0. Unlike the Pearson correlation
coefficient that only measures the linear dependence between
two random variables, MI includes both linear and nonlinear
dependence. For this reason, in recent years, there has been a
growing interest in applying MI to neuroscience to measure the
coupling strength among different brain regions or groups of
neurons [38], [39].

For two random sequences Xn and Yn , the MI could also be
calculated using a chain rule

I(Xn ;Yn ) = H(Yn ) − H(Yn |Xn ) (11)

=
n∑

i=1

H(Yi |Yi−1) − H(Yi |Yi−1 ,Xn ) (12)

=
n∑

i=1

I(Xn ;Yi |Yi−1). (13)

3) DI: Since both correlation and MI are nondirectional, in
1990, Massey refined Markov’s work and proposed the concept
of DI [30] aiming to measure the DI flow from one random
sequence to another. Given Xn and Yn , the DI from Xn to Yn

is defined as

I(Xn → Yn ) =
n∑

i=1

I(Xi ;Yi |Yi−1). (14)
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Recall that the causally conditional entropy is defined as

H(Yn ||Xn ) =
n∑

i=1

H(Yi |Yi−1 ,Xi) (15)

then it follows from (14) and (15) that

I(Xn → Yn ) = H(Yn ) − H(Yn ||Xn ). (16)

On the other hand

I(Xn ;Yn ) = H(Yn ) − H(Yn |Xn ) (17)

= I(Xn → Yn ) + I(Yn−1 → Xn ) (18)

= I(Xn−1 → Yn ) + I(Yn−1 → Xn )

+
n∑

i=1

I(Xi ;Yi |Xi−1 ,Yi−1). (19)

In (19), the first term I(Xn−1 → Yn ) specifies the DI flow
from Xn to Yn , the second term I(Yn−1 → Xn ) specifies the
reverse DI from Yn to Xn , and the third one represents the
conditional MI shared by both Xn and Yn . DI reflects direc-
tional and interactive influence between two random sequences,
and has recently been applied to characterize the connectivity
between different brain regions [29], [35].

4) DI and GC: GC [2], [29] has long been used in iden-
tifying causal relations between two random series. The main
idea behind the GC analysis is that, if one random process X
causally influences another random variable Y , then the knowl-
edge of previous values of X will help to decrease errors in
predicting future values of Y . The calculation of GC is based
on the autoregressive or linear prediction models.

As can be seen from (1), the traditional GC analysis relies
on the linear prediction models. Its nonlinear extensions gen-
erally still rely on the “linear-in-the-parameter” modeling [34].
The DI, on the other hand, contains no requirement on models,
and hence, provides the freedom to characterize more general-
ized relationships. In [34], Amblard and Olivier investigated the
relationship between DI and GC, and showed that GC graphs
could be obtained using DI. They further pointed out that, the
DI theory provided an adequate information theoretical frame-
work for the connectivity inference problems in neuroscience
applications.

B. DI Calculation and Causality Analysis

Developing practical estimators for DI measures is always a
challenging problem. Over the last two decades, a limited num-
ber of DI estimators have been purposed. In [29], Quinn et al.
utilized DI to infer causality based on neural spike recordings.
Their estimator is built upon the assumption that the random
sequences corresponding to spike recordings form stationary
ergodic Markov processes and adopts the simple general lin-
ear model. As a result, the causally conditional entropy can be
simplified as E[gJ K (Y l

l−J ,Xl−(K−1)l )], in which g is a log-
probability function, and J and K denote the orders of the
Markov Processes. Although this method is not model free,
its validity has been verified in discovering causal relations
among groups of neurons. Verdu et al. purposed a K-nearest

neighbor (KNN)-based estimator for Kullback–Leibler dis-
tance [40]. This idea has been adopted in the work by Chai
et al. to estimate entropy and MI [41]. Theoretically, DI could
be estimated after obtaining other information theoretical mea-
sures like entropy and MI. However, the KNN estimator is based
on the assumption that samples in the random sequences are in-
dependent and identically distributed (i.i.d). Also, this approach
requires a large number of data points.

In this paper, we calculate the DI I(Xn → Yn ) by exploiting
the method initiated by Weissman et al. [42]. This approach is
universal, and not limited to any modeling assumptions on the
random sequences. There are two parts in the estimation.

Part I: This part has three steps.
1) Estimate H(Yn )

H(Yn ) =
1
n

n∑

i=1

∑

yi + 1

P (yi+1 |yi)log
1

P (yi+1 |yi)

(20)

≈ 1
n

n∑

i=1

∑

xi + 1 ,yi + 1

P (xi+1 , yi+1 |xi ,yi)

×log
1

P (yi+1 |yi)
. (21)

2) Estimate the H(Yn ||Xn )

H(Yn ||Xn ) =
1
n

n∑

i=1

log
1

P (yi |yi−1 ,xi)
(22)

≈ − 1
n

n∑

i=1

∑

xi + 1 ,yi + 1

P (xi+1 , yi+1 |xi ,yi)

×log
P (xi+1 , yi+1 |xi ,yi)

Pxi + 1 |X i Y i (xi+1 |xi ,yi)
. (23)

3) It then follows that I(Xn → Yn ) can be estimated as
H(Yn ) − H(Yn ||Xn ).

Part II: For validity of this estimation, it has been shown
in the work by Weissman et al. [42] that as n → ∞, Î(Xn →
Yn ) converges to the expected real value of I(Xn → Yn ). To
measure the causal influence of one region on another, we resort
to Dn = I(Xn → Yn ) − I(Yn → Xn ). Using (19), we have

Dn = I(Xn → Yn ) − I(Yn → Xn ) (24)

= [I(Xn ;Yn ) − I(Yn → Xn )]

−[I(Xn ;Yn ) − I(Xn → Yn )] (25)

= I(Xn−1 → Yn ) − I(Yn−1 → Xn ). (26)

As shown in (24), Dn is the difference of two DI betweenXn and
Yn . If Dn is positive, that is, I(Xn−1 → Yn ) > I(Yn−1 →
Xn ), then we say that Xn shows more influence on Yn , and
can be interpreted as the causal driver during the connectivity;
otherwise we say Yn shows more influence on Xn .

To make the result more comparable, we will use γ =
Dn/I(Xn ;Yn ) instead of Dn . Clearly, γ ∈ [−1, 1]. When |γ|
approaches 1, it can be said with high confidence that there does
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exist a causal influence between two stochastic processes; while
if |γ| is adjacent to 0, it is more likely that no clear causal rela-
tionship exists, or the samples in random sequences are subject
to strong noises. Therefore, in the simulations, a threshold-based
method is developed in interpreting the γ metric.

The causality analysis of two brain regions helps us to under-
stand which region is more likely to be the causal driver during
a particular connectivity. However, we would like to point out
that brain connectivity between two different regions generally
involves dynamic two-way information transmission between
them, rather than a fixed one-way source to destination relation-
ship.

C. Practical Evaluation

Based on our discussions in Section II-B, for practical evalua-
tion of the DI, the main point is how to estimate the probabilities
involved in (20) accurately from discrete time data or observa-
tions.

There are two major issues in probability estimation. First,
how to choose the optimal bin size for digitization. Second, how
to estimate the probability of a particular sequence after the
random sequence has been mapped into a series of symbols.

1) Optimal Bin Size for Time-Series Digitization: The first
problem in DI estimation of fMRI signals is digitization. If the
bin size is too large, then it results in considerable approximation
error, and cannot reflect the true data distribution accurately. If
the bin size is too small, then the number of samples falling into
each bin tends to be 0 or 1 due to the very limited data length.
As a result, the probability estimation become inaccurate. In
fact, when the bin size is too large or too small, the estimated
DI will approach zeros, due to the limited data length. Here, we
choose to use the bin size that minimizes the integrated mean
square error (IMSE) between the estimated probability and its
true value [43].

The random sequences in those fMRI signals acquire values
in the real number field, while the DI probability estimation can
be carried out only for discrete, finite-size alphabets. Hence,
mapping real-valued numbers into the symbols within a finite
alphabet is the first step for further procedures. In the digitization
process, we adopt the traditional histogram methods to estimate
the probability of the data points falling into each of the bins
representing symbols in the alphabet.

Suppose the true probability distribution function (pdf) of a
random variable X is f(x),and the estimated pdf is f̂(x), the
IMSE is defined as

IMSE =
∫

E{f̂(x) − f(x)}2dx. (27)

For a random sequence of length n, the optimal bin size that
minimizes the IMSE is given by

h∗
n =

{
n

6

∫ ∞

−∞
f ′(x)2dx

}−1/3

. (28)

Assume the random sequence xn was sampled from a white

stochastic process with distribution: f(x) = 1√
2πσ

e−
(x −μ ) 2

2 σ 2 .

Here, μ is the mean and σ the standard deviation of the sig-
nal. Then, the optimal bin size for digitization can be obtained

h∗
n =

⎧
⎨

⎩
n

6

∞∫

−∞

[−(x − μ)e−
(x −μ ) 2

2 σ 2 /
√

2πσ3 ]2dx

⎫
⎬

⎭

−1/3

(29)

=

⎧
⎨

⎩
n

6

∞∫

0

u2e−u2
du/πσ3

⎫
⎬

⎭

−1/3

(Letu =
x − μ

σ
)

(30)

=
{

n

6
1

4
√

πσ3

}−1/3

(31)

≈ 3.49σn−1/3 . (32)

The results in (31) relies on the fact that
∫ ∞

0 e−x2
dx =

√
π/2.

In this paper, the fMRI data sequence is regarded as a Gaus-
sian random process. For digitization, the bin size is chosen
according to (32).

2) Probability Estimation: After digitization, real-valued
fMRI time courses become a sequence of symbols {xn}
within an alphabet Ω. Denote the alphabet as Ω = {x|x ∈
{0, 1, . . . M − 1}}, where M = |Ω|; N0 , N1 , . . . NM −1 repre-
sent the counts for each symbol in the alphabet, respectively.
The next step is to estimate the sequence probabilities P (xi) and
P (xi |xi−1), i ∈ [1, N ]. Here, we will resort to the Krichevsky–
Trofimov (KT) estimator [44] for the probability estimation. The
primary reason of using the KT estimator is that this estimator
is universal and does not put any specific modeling constraints
on the random sequence. It has been shown in [42] and [44] that
although the KT estimator is not optimal, the bias it introduces
will be upper bounded.

The KT estimator first assigns 0 to the initial value for the se-
quence probability, and updates this value as the sequence goes
on. In each step, the algorithm analyzes the current sequence
and generates a list of count numbers for each symbol in the al-
phabet. Denote this list as {N0 , N1 , . . . NM −1}. The algorithm
goes as follows.

Initialize:
X = {∅}, {N0 , N1 , . . . NM −1} = {0, 0, . . . , 0}, P (∅) = 0
Loop:
While i ≤ n do

xi ← {xi−1 ,Xi = j}, j ∈ [0,M − 1];
{N0 , N1 , . . . NM −1}
← {N0 , N1 , . . . , Nj + 1, . . . NM −1};
P (xi) ← P (xi−1) × Nj +0.5

N0 +N1 + ...NM −1 +M/2
end While.

After estimating the probability P (xn ), the conditional prob-
ability PXi + 1 |X i (xi+1 |xi) can be obtained as P (xi+1)/P (xi).
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III. MATERIALS

A. Data Acquisition

Fourteen right-handed healthy college students (seven males,
23.4 ± 4.2 years of age) from Michigan State University vol-
unteered to participate in this study and signed consent forms
approved by the Michigan State University Institutional Review
Board. The experiment was conducted on a 3-T GE Signa HDx
MR scanner (GE Healthcare, Waukesha, WI, USA) with an
eight-channel head coil.

For each subject, fMRI datasets were collected on a visual
stimulation condition with a scene-object fMRI paradigm, and
then, on a resting-state condition. The parameters for the fMRI
scan were: gradient-echo EPI, 36 contiguous 3-mm axial slices
in an interleaved order, time of echo = 27.7 ms, time of repetition
= 2500 ms, flip angle = 80◦, field of view = 22 cm, matrix size
= 64 × 64, ramp sampling, and with the first four data points
discarded.

On the visual stimulation fMRI condition, each volume of
images were acquired 192 times (8 min) while a subject was
presented with 12 blocks of visual stimulation after an initial
10-s resting period. In a predefined randomized order, the
scenery pictures were presented in six blocks and the object
pictures were presented in other six blocks. All pictures were
unique. In each block, ten pictures were presented continuously
for 25 s (2.5 s for each picture), followed with a 15-s base-
line condition (a white screen with a black fixation cross at the
center). The subject needed to press his/her right index finger
once when the screen was switched from the baseline to pic-
ture condition. Stimuli were displayed in color in full screen on
a 1024 × 768 32-in LCD monitor (Salvagione Design, Sausal-
ito, CA, USA) placed at the back of the magnet room. The
LCD subtended 10.2◦ × 13.1◦ of visual angle. On the rs-fMRI
condition, each volume of images were acquired 164 times
(6 min and 50 s) after a subject was informed to relax, keep
his/her eyes closed and stay awake throughout the scan. After
the aforementioned functional data acquisition, high-resolution
volumetric T1-weighted spoiled gradient-recalled images with
cerebrospinal fluid suppressed were obtained to cover the whole
brain with 120 1.5-mm sagittal slices, 8◦ flip angle, and 24 cm
FOV. These images were used to identify anatomical locations.

B. fMRI Data Preprocessing and Analysis

All stimulus fMRI data preprocessing and analysis for each
subject were conducted with AFNI software (Cox, 1996) as
described in Henderson et al. [36]. Essentially, slice-timing cor-
rection and rigid-body motion correction were carried. Spatial
blurring with a full width half maximum of 4 mm was applied
to reduce random noise. Multiple linear regressions (using the
“3dDeconvolve” routine in AFNI) were applied on a voxel-wise
basis to find the magnitude change when each picture condition
was presented, followed with general linear tests to find the
statistical significances between stimulus conditions.

The regions of interest (ROI) in this study were defined in the
Talairach coordinate space [45]. Regions showing preferential
activation to scenes over objects (voxel-based p-value < 10−4)
in the right and left parahippocampal gyri were defined as the

right and left parahippocampal place area (PPA) [36]. The right
and left V1 ROIs were defined as the regions activated by pic-
tures (voxel-based p-value < 10−10) within Brodmann area 17.
Because there was a high level of activation at and around V1,
a highly conservative p-value threshold was chosen to define
relatively focal ROIs. The right and left sensorimotor cortex
(SMC) spherical ROIs with 6-mm radius were defined with the
centers at (R36, P22, S54) and (L38, P26, S50) correspond-
ingly in the Talairach coordinate space (R = Right, L = Left,
P = Posterior, S = Superior). The SMC coordinate locations
were defined by Witt et al. [46] and the ROIs were created
as in Zhu et al. [47]. The time courses from the stimulation
fMRI dataset that were already preprocessed as previously were
detrended and had their baselines removed also. The spatially
averaged time course at each of the aforementioned ROIs was
generated for the causality analyses discussed later.

The rs-fMRI preprocessing was also processed in AFNI [48]
as commonly applied in the field and as described in details
in Zhu et al. [47]. Essentially, slice-timing correction and rigid-
body motion correction were carried. Spatial blurring with a full
width half maximum of 4 mm was applied to reduce random
noise. The time courses were detrended and the baselines were
removed. Brain global, cerebrospinal fluid, and white-matter
mean signals were modeled as nuisance variables and removed
from the time courses. Finally, the time courses were band-pass
filtered to the range of 0.009 Hz–0.08 Hz. The spatially averaged
time course at each of the forementioned ROIs was generated
for the causality analyses discussed later.

C. Simulated Data

The simulated data were synthesized from the fMRI data cor-
responding to the primary visual cortex (V1). Recall that the
total number of samples in the time series at V1 is 192, as de-
scribed earlier. Denote this sequence as xn = [x1 , x2 , . . . , xn ],
where n = 192. Here, we will use two sets of simulated data.

Set I: For i ∈ [1, 2, . . . , 192], the first group of simulated data
yn

1 = [y1,1 , y1,2 , . . . , y1,n ] were obtained as

y1,i = 0.3 ∗ xi + 0.2 ∗ xi−1 . (33)

It is clear that Xn has a causal influence on Yn . The true fMRI
data and the simulated dataset I form a linear causal relationship.

Set II: For further comparison, we introduced another group
that had a nonlinear relationship with the true fMRI data.
For i ∈ [1, 2, . . . , 192], the second set of simulated data yn

2 =
[y2,1 , y2,2 , . . . , y2,n ] were obtained as

y2,i =

{
1 if xi ≥ 0

0 if xi < 0.
(34)

Clearly, the nonlinear relationship in the second group is difficult
to be captured by a linear autoregression model. It has also
introduced a significant change in the power level in comparison
with true fMRI data.

To make the data more realistic, we added white Gaussian
noise to yn

1 and yn
2 , where the noise is of zero mean and variance

σ2
0 . In the simulation, the signal-to-noise ratio (SNR), which was

calculated as 20log(σx/σ0), was set in a range between 4 and
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20 dB. Before performing fMRI causality analysis, we carry out
both DI-based causality analysis and the GC analysis over xn

and yn for method validation. The analysis based on simulated
data helps to set up a threshold for the metric γ = [I(Xn−1 →
Yn ) − I(Yn−1 → Xn )]/I(Xn ;Yn ). Note that the subtraction
operation in γ may help to reduce the noise effect in fMRI data.
In the GC analysis, the parameter F-test was adopted to generate
the p-value. The max lag in the test was set to be 2.

IV. RESULTS

In this section, we demonstrate the effectiveness of DI-based
causality analysis using both stimulated and acquired fMRI data,
and compare the results with that of the GC analysis.

A. Causality Between the fMRI Data and its Descending
Simulated Data

In this section, we validate the DI-based causality analysis
approach using fMRI data and the simulated data generated
from it.

1) DI-Based Causality Analysis: Fig. 1(a) and (b) presents
the DI-based causality analysis results corresponding to the
fMRI data and the simulated dataset I. Fig. 1(a) shows the
comparison of MI I(xn ;yn

1 ), DI I(xn → yn
1 ), and the re-

versed DI I(yn
1 → xn ). In this example, SNR = 8 dB. Clearly,

I(xn → yn
1 ) > I(yn

1 → xn ). As can be seen, the estimated DI
shows a clear surplus from xn → yn

1 , which implies that there
is a causal relationship between xn and yn

1 , and xn is more
likely to be the cause as expected.

Fig. 1(b) shows the values of γ versus different SNR levels. As
can be seen, when the SNR is above 6 dB (i.e., the noise level
is relatively low), we can observe a clear causal relationship
from xn → yn

1 . As the noise level gets higher, i.e., when SNR
< 5 dB, the causal relationship becomes ambiguous.

The results corresponding to the fMRI data xn and the simu-
lated dataset II, yn

2 , are shown in Fig. 1(c) and 1(d). As can be
seen, the results are similar with that corresponding to xn and
yn

1 . Again, the DI-based causality analysis indicates that there is
a causal relationship between xn and yn

2 , and xn is more likely
to be the causal part as expected.

It should be noted that the relationship between yn
1 and xn is

linear, but the relationship between yn
2 and xn is nonlinear. It

can be seen that the DI-based causality analysis is effective in the
nonlinear case as well. The analysis results are consistent with
our prior knowledge that there is a causal relationship between
xn and yn

1 , and xn and yn
2 , with xn as the causal side in both

cases.
Based on our simulation results on xn and yn

1 , which is more
similar with true fMRI data than yn

2 , we found that
1) γ ∈ [0.1, 1] implies that X has more causal influence on

Y; accordingly, γ ∈ [−1,−0.1] implies that Y has more
causal influence on X;

2) γ ∈ [−0.1, 0.1] implies that there is no clear dominant
influence between X and Y.

2) GC Analysis: We then apply GC analysis to xn and yn
1

and xn and yn
2 , the results are shown in Fig. 2. Fig. 2(a) and (b)

shows the p-value of the GC analysis corresponding to xn → yn
1

Fig. 1. DI-based test results: MI, DI, and the γ metric. Here, xn denotes the
fMRI data, yn

1 the simulation dataset I, and yn
2 the simulation dataset II. (a) MI

and DI between xn and yn
1 ; (b) γ versus SNR corresponding to xn and yn

1 ;
(c) MI and DI between xn and yn

2 ; (d) γ versus SNR corresponding to xn

and yn
2 .
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Fig. 2. Interregion GC test results based on fMRI data and two sets of simula-
tion data generated from it. (a) Test results for the direction xn → yn

1 ; (b) test
results for the direction yn

1 → xn ; (c) test results for the direction xn → yn
2 ;

(d) test results for the direction yn
2 → xn .

and yn
1 → xn , respectively. As can be seen, there is a clear

causal relationship from xn → yn
1 ; most medians in the boxes

indicate a highly significant casual relationship (p < 0.0002,
which is much smaller than the commonly accepted p-value
0.01) [49]. These results lead to the expected conclusion that
two random sequences xn and yn

1 are Granger causally related.
However, for the test on xn and yn

2 , in which the causal rela-
tionship is completely nonlinear, the GC test was not able to
capture the causal relationship xn → yn

2 . In both Fig. 2(c) and
2(d), most medians in the boxes indicate that there is no sig-
nificant causal relationship between these two time sequences
(0.2 < p < 0.6), leading to an unexpected conclusion that xn

and yn
2 are not causally related.

B. Causality Analysis Based Only on the Experimental
fMRI Data

In this section, we apply both DI-based causality analysis and
GC analysis to the experimental fMRI data. We collected both
stimulation-based fMRI data with a well-defined block-design
scene-object fMRI paradigm as discussed earlier [36], [37], and
rs-fMRI data. Recall that in the scene-object paradigm, subjects
viewed blocks of scenery and object pictures. They were asked to
press a button once under the right index finger when they saw a
block of pictures. We test the robustness of our causality analysis
techniques against some expected outcomes: under the stimula-
tion fMRI paradigm, the primary visual cortex (V1) and nearby
regions are activated first, followed with activation in the PPA for
higher level scene processing. Some but relatively small activa-
tions in the left SMC is also expected following V1 activations.
Overall sequential neuronal activity is not expected between
the aforementioned right and left homologous regions. Under
the resting-state condition, neuronal activity is not expected to
occur in a sequential manner among aforementioned regions.

1) DI-Based Causaity Analysis: Here, we examine the po-
tential causal relationship between left V1 and left PPA, left
V1 and left SMC under both resting-state and visual stimula-
tion conditions. The DI-based γ values are shown in Fig. 3. In
resting-state condition, the medians of the γ values are within
the [−0.1,0.1] region. The left V1 does not exhibit a dominating
causal influence over other regions, including left PPA and left
SMC. However, under the simulation paradigm, the γ values
for left V1 → left PPA and left V1 → left SMC increase sig-
nificantly. In other words, under the stimulation, left V1 shows
stronger influences over left PPA, as well as left SMC, as ex-
pected.

Fig. 4 shows the γ values between the right and left homolo-
gous brain regions in both resting state and stimulus-based state.
As can be seen, the median values are well below 0.1. That is,
the DI-based causality analysis indicates that there is no dom-
inating influence between the left and right homologous brain
regions.

2) GC Analysis: As in the DI-based analysis, we carry par-
allel GC analyses between brain regions (see Fig. 5). For the left
V1–left PPA pair [see Fig. 5(a) and (c)], GC analyses indicate
that there is a dominating influence of left V1 over left PPA
under both resting-state (median p = 0.004) and stimulation
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Fig. 3. Interregion γ values of DI-based causality analysis (a) V1 and PPA
(b) V1 and SMC.

(median p = 0.0005) conditions. However, causal relationship
between left V1 and left PPA is not expected in the resting state
condition. With the GC analysis, it is difficult to distinguish be-
tween the resting state and stimulus-based state, as the p-values
in both states are small enough to indicate a causal relationship.
For the left V1–left SMC pair [see Fig. 5(b) and (d)], the GC
analysis seems to have reversed the expected causal relationship,
and indicates that SMC is more likely to be the cause.

Fig. 6 shows the results of the GC analysis for the right and
left homologous brain regions, including V1, PPA, and SMC.
The results indicated that the information flow between each
pair of homologous regions was very unbalanced, and varied
significantly in most cases. This is contradicting to the expected
nonsequential activation between them, as it is believed that the
right and left homologous regions should not have significant
sequential activation.

C. Impact of Hemodynamics on DI-Based Causality Analysis

In this section, we evaluate the impact of hemodynamics
(i.e., the blood flow or the circulation) on the performance of

Fig. 4. Inner-region (left–right) γ values of the DI-based causality analysis
(a) V1 (b) PPA (c) SMC.

DI-based causality analysis. We take a representative model
for the hemodynamic response function h(t) = t8.6e−t/0.547

[50]. Let x(t) be the sawtooth waveform (to mimic the situation
under periodic stimulation), and y(t) = 0.3x(t) + 0.2x(t − 1).
Clearly, x(t) is the causal side. Define

x̂(t) = hx(t) ∗ x(t) (35)
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Fig. 5. Interregion GC test result (a) V1 to PPA (b) V1 to SMC (c) PPA to V1
(d) SMC to V1.

Fig. 6. Inner-region (left–right) GC test results (a) V1 (b) PPA (c) SMC.
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ŷ(t) = hy (t) ∗ y(t). (36)

Recall that the Dirac delta function, defined as

δ(t) = 0∀t �= 0,

∫ ∞

−∞
δ(t)dt = 1

is generally used to model the impulse response of an ideal
communication channel. We conduct DI-based causal analysis
for x̂ and ŷ under the following scenarios.

1) Group 1
a) case 1.1: hx(t) = δ(t), hy (t) = δ(t);
b) case 1.2: hx(t) = h(t), hy (t) = h(t);
c) case 1.3: hx(t) = δ(t), hy (t) = 3δ(t).

2) Group 2
a) case 2.1: hx(t) = δ(t), hy (t) = δ(t);
b) case 2.2: hx(t) = 0.3h(t) + 0.2h(t − 1), hy (t) =

0.3h(t) + 0.2h(t − 1);
c) case 2.3: hx(t) = h(t), hy (t) = 0.3h(t) +

0.2h(t − 1);
d) case 2.4: hx(t) = h(t), hy (t) = 0.7h(t) +

0.4h(t − 1).
3) Group 3

a) case 3.1: hx(t) = δ(t), hy (t) = δ(t);
b) case 3.2: hx(t) = h(t), hy (t) = h(2t).

The results are shown in Fig. 7. We look at Group 1 first. It
can be observed that, when the hemodynamic response functions
hx(t) and hy (t) are identical, the causal relationship between
x̂(t) and ŷ(t) would be the same with that of x(t) and y(t).
That is, x̂(t) is the causal part. However, in case 1.3, when the
power level of ŷ(t) is much higher than that of x̂(t), the causal
relationship is either reversed or becomes ambiguous.

In Group 2, we consider the multipath channel model. For
cases 2.1 and 2.2, we can see clearly that x̂(t) is the causal
side, but in case 2.3, the power level of ŷ(t) is higher than that
of x̂(t), again, the causal relationship is reversed or becomes
ambiguous.

In Group 3, we consider the case when the hemodynamic
response hy (t) changes much faster than hx(t). From Fig. 7(c),
it can be seen that this did not bother the DI-based method. We
can see clearly that x̂(t) is the causal side.

For comparison purpose, we examine the impact of hemo-
dynamics on GC analysis as well. In most cases, GC cannot
distinguish which one is the casual side. Due to space limits,
only the results for case 2.4 are shown here. Please refer to
Fig. 8. As can be seen, based on the p-values, both x(t) and y(t)
are identified as the causal side by GC. Our analysis indicates
that GC is more sensitive to hemodynamic effects.

D. Summary of Results

In the simulations, we first performed DI-based causality
analysis between the fMRI data and the simulated data, and
compared the results with that of the GC analysis. Two sets
of simulated data were generated from the fMRI data. Set I
is obtained by convolving the fMRI data with a simple causal
model; Set II is obtained by mapping the positive points in the
fMRI data to 1, and the negative points to zeros. The simulation
results showed that the GC analysis could identify the cause

Fig. 7. DI under different hemodyamic response functions (a) Group 1 (b)
Group 2 (c) Group 3.

clearly between the fMRI data and dataset I, but failed for the
test corresponding to dataset II, due to the severe nonlinearity of
the data. The DI-based approach, on the other hand, can identify
the cause accurately in both cases as long as the SNR is above
5 dB.
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Fig. 8. GC test results of case 2.4.

As can be seen, GC analysis is effective in detecting linear
or nearly linear causal relationship, but has difficulty in captur-
ing nonlinear causal relationships. The underlying argument is
that GC analysis relies heavily on the linear prediction theory,
or linear modeling of the involved parameters. The DI-based
causality analysis, on the other hand, does not have any model-
ing constraints on the sequences to be evaluated, hence can be
used to capture both linear and nonlinear causal relationships.

We then applied both the DI-based analysis and the GC anal-
ysis to examine the causal relationship in V1–PPA, V1–SMC,
as well as the right and left homologous brain regions, including
V1, PPA and SMC. From the DI-based analysis, we observed
that: 1) in the resting state, there is no dominant cause for both
the V1–PPA and V1–SMC pairs; 2) in the stimulation-based
state, V1 turns out to be the cause in the V1-SMC pair. For the
V1–PPA pair, although not as strong as in the V1–SMC pair, V1
is more likely to be the cause part; and 3) for both the resting

state and the stimulus-based state, there is no dominant cause
observed in the right and left homologous brain regions. For the
GC analysis, it can be seen that: 1) the results for the V1–PPA
are consistent with that of the DI analysis; 2) for the V1–SMC
pair, the results corresponding to resting state are also consistent
with the DI analysis; however, in the stimulation-based state, it
shows that SMC is more likely to be the cause, which is con-
tradicting with the expected sequential brain activation (V1 to
SMC). In this paradigm, the activity in SMC is weak, which
could be a reason that the GC analysis could not detect the
sequential activity; and 3) the information flows between each
pair of homologous regions were not balanced in most cases,
which is contradicting to the expected nonsequential activation
between them.

Finally, we evaluate the impact of hemodynamic effects on
DI-based causality analysis method using simulated data. we
observed that: 1) even if the hemodynamic response function of
the driving side changes slower than that of the other side, the
proposed DI method can still identify the causal side accurately;
2) however, when the power level of the driving side is much
lower than that of the other side, then the causal relationship may
be reversed or become ambiguous. This is because that: in the
digitization process, higher power level maps to higher entropy;
as in BOLD, higher fMRI amplitude implies more significant
activity levels. We will investigate more on this in the future.

Our results indicate that DI is an effective technique to quan-
tify the overall causal relationship. It is also observed that brain
connectivity between two different regions generally involves
dynamic two-way information transmission between them,
rather than a fixed one-way source to destination relationship.

V. CONCLUSION

In this paper, we presented the DI framework and showed
how to apply it for fMRI causality analysis. We provided the
detailed procedure on how to calculate the DI for two finite
time series. The two major steps involved here are optimal bin
size selection for data digitization, and probability estimation.
We applied the DI-based causality analysis to both the simulated
data and experimental fMRI data, and compared the results with
that of the GC analysis. Our results indicated that GC analysis is
effective in detecting linear or nearly linear causal relationship,
but has difficulty in capturing nonlinear causal relationships. On
the other hand, DI-based causality analysis is effective in cap-
turing both linear and nonlinear causal relationships. Moreover,
it was observed that brain connectivity among different regions
generally involves dynamic two-way information transmissions
between them. Our results showed that when bidirectional infor-
mation flow is present, DI is more effective than GC to quantify
the overall causal relationship.

We would also like to point out that with DI-based approach,
the performance improves as the data size increases. This is
because the probability estimation gets more accurate as we have
more samples. For future work, we would continue our research
on functional and effective brain connectivity by combining the
conventional information theory, the DI framework as well as
the network-level information theory.
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